The stability of the zero solution plays an important role in the investigation of positive systems. In this brief, we discuss the µ-stability of positive nonlinear systems with unbounded time-varying delays. The system is modeled by the continuous-time ordinary differential equation. Under some assumptions on the nonlinear functions, such as homogeneous, cooperative, and nondecreasing, we propose a novel transform, by which the nonlinear system reduces to a new system. Thus, we analyze its dynamics, which can simplify the nonlinear homogenous functions with respect to the arbitrary dilation map to those with respect to the standard dilation map. We finally get some new criteria for the global µ-stability taking the degree into consideration. A numerical example is given to demonstrate the validity of obtained results.
Brief Papers
by functional and integro-differential equations) of time-varying delays; Ngoc [14] presents some criteria for exponential stability of positive LTI differential systems with distributed delay; Ngoc [15] gives an extension of the classical Perron-Frobenius theorem to positive quasi-polynomial matrices, then some necessary and sufficient conditions for the exponential stability of positive linear timedelay differential systems are obtained; Liu et al. [16] address the asymptotic stability of discrete-time positive systems with bounded time-varying delays and prove that the stability is also determined by the delay-free systems; Liu and Lam [17] establish an equivalent relationship between asymptotical stability and exponential stability for discrete-time positive system for all bounded time-varying delays; Feyzmahdavian et al. [18] study the asymptotic stability and decay rates with unbounded delays; and for positive linear switched (PLS) system, Mason and Shorten [19] and Fainshil et al. [20] analyze and prove that for 2-D PLS, the necessary and sufficient condition for stability under arbitrary switching is that every matrix in the convex hull of the matrices defining the subsystems is Hurwitz, but is not true for 3-D PLS; and Liu and Dang [21] also address the stability problem of both discrete-time and continuous-time PLSs with arbitrary (even unbounded) time delays.
However, all these above-mentioned studies investigate linear systems, which are just a small fraction of the whole positive systems. Recently, some great progress on the homogeneous systems [22] has been made, which is a particular class of nonlinear systems. Some excellent works on nonlinear positive systems appear in the literature. For example, Aeyels and De Leenheer [23] show a pioneering work on generalizing the corresponding analysis from positive linear systems to homogeneous cooperative and irreducible systems; Mason and Verwoerd [24] show that a constant-delayed homogeneous cooperative system is globally asymptotically stable (GAS) for all nonnegative delays if and only if the system is GAS for zero delay; Bokharaie et al. [25] show that the GAS and cooperative systems, homogeneous of any order with respect to arbitrary dilation maps, are D-stable with constant time delay; Feyzmahdavian et al. [26] investigate the exponential stability of homogeneous positive systems of degree one with bounded time-varying delays; and Feyzmahdavian et al. [27] generalize the homogeneous positive systems to any degree, and also the bounded time-varying delay to be unbounded, the asymptotic and μ-stability are discussed for both continuous-time and discrete-time systems.
Furthermore, there are few papers considering the stability with unbounded time delay (see [21] , [27] ). It should be noted that the concept of μ-stability is first proposed and investigated in [28] and [29] . It is clear that the μ-stability includes exponential stability, powerrate stability, log stability, the log-log stability, and others as special cases, which plays an important role in the study of stability for the systems with bounded or unbounded time-varying delays. The powerful Lyapunov function proposed in [30] is successfully applied to the stability of neural networks [31] - [33] , synchronization [34] , [35] , and consensus [36] for complex networks. In this brief, we will revisit the μ-stability of nonlinear positive systems with unbounded time-varying delays. We introduce a nonlinear transform of the coordinates, and combining with the approach proposed before, we give some new stability criteria.
The rest of this brief is organized as follows. In Section II, some necessary definitions, lemmas, and notations are given. In Section III, a simple transform is introduced, and three properties are obtained. In Section IV, by transforming the original system to a simple form, whose nonlinear functions are homogeneous with respect to the standard dilation map, we analyze the μ-stability. Moreover, a numerical example to show the process of transform and analysis using the obtained theoretical results is carefully demonstrated in Section V. Finally, the conclusion is drawn in Section VI.
II. PRELIMINARIES
Let R(R + ), R n + denote the field of real (positive) numbers and the nonnegative orthant of all n-dimensional real space R n , respectively. If all elements of matrix A are nonnegative (nonpositive), then we denote matrix A 0( 0). A real n × n matrix A = (a i j ), denoted as A ∈ R n×n , is Metzler if and only if its off-diagonal entries a i j , ∀i = j belong to R + . For two vectors x and y in R n , if x i ≥ y i , i = 1, . . . , n, where x i (y i ) is used to denote the ith component of x (y), then we denote x ≥ y.
Definition 1: A dynamical system with state space R n is positive if any trajectory of the system starting at an initial state in the positive orthant R n + remains forever in R n + . The following definitions of cooperative functions, homogeneous functions, and nondecreasing functions are widely used in the related works of investigating the stability of positive nonlinear systems with (or without time delays), such as [27] . Here, we rewrite it to maintain the self-integrity of this brief.
Definition 2: A continuous vector field f : R n → R n which is continuously differentiable on R n \{0} is said to be cooperative if the Jacobian matrix ∂ f /∂ x is Metzler for all x ∈ R n + \{0}. Proposition 1 [37] : Let f : R n → R n be cooperative. For any two vectors x and y in R n + with x i = y i and x ≥ y, we have
This proposition can be obtained by the fact that for a cooperative function f , each f i (x) is a nondecreasing function of each x j for j = i. Definition 3: For an n-tuple r = (r 1 , . . . , r n ) of positive real numbers and λ > 0, the dilation map δ r λ (x) is defined by δ r λ (x) = (λ r 1 x 1 , . . . , λ r n x n ).
When r = (1, 1, . . . , 1), then dilation map is called the standard dilation map.
(1) Definition 5: A vector field g : R n → R n is said to be nondecreasing on R n + if for any x, y ∈ R n + and x ≥ y, then g(x) ≥ g(y).
III. USEFUL TRANSFORM
In this section, we first define a simple transform as
where r i , i = 1, . . . , n is defined by the dilation map in Definition 3. For any function f , define a new functionf (z), where z = (z 1 , . . . , z n ), as
Next, we will present three useful properties for this new functionf (z) by lemmas.
Lemma 1: If f (x), x ∈ R n is homogeneous of degree p ≥ 0 with respect to the dilation map δ r λ (x), thenf (z), z ∈ R n is homogeneous of degree p with respect to the standard dilation map.
Proof: From (1), one can get that
wheref (0) = 0. The proof is completed.
Suppose the function f is cooperative, then for any two vectors z and w in R n
Proof: At first, from the definition of (3), if at least one of z i , w i is zero, the above-mentioned claim is proved; otherwise, we havef
where
Suppose the function f is nondecreasing and f i (x) = (x i ), that is to say, there exists a function d(x 1 , . . . ,
Then, for any two vectors z and w in R n + with z ≥ w, we havef i (z) ≥f i (w). Proof: In order to prove the conclusion, one only needs to check that ∂f i (z)/∂ x j is nonnegative.
At first, because f is nondecreasing, one can get that
Therefore, one just need to prove that
which contradicts to the conditions f i (x) ≥ dx i . Summing up, one can get that the functionf i is nondecreasing. The proof is completed.
IV. MAIN RESULTS
At first, we give the network model for continuous-time positive nonlinear systems with unbounded time-varying delay as
where x i , i = 1, . . . , n is the state variable, and ϕ(t) ∈ C((−∞, 0], R n + ) is the vector-valued function specifying the initial condition of the system. τ (t) is the time-varying delay with τ (t) < t but unbounded.
Assumption 1: Assume the following conditions hold. 1) f is cooperative and g is nondecreasing on R n + . 2) f and g are homogeneous of degree p with respect to the dilation map δ r λ (x). It is clear that these conditions are the generalization of linear positive systems, and f (0) = g(0) = 0, so x ≡ 0 is a solution of system (6) .
Using the above-mentioned transform, let z
wheref τ (t) ). From Lemma 1 to Lemma 3, we have the following property off i andḡ i . 1)f is cooperative, andḡ is nondecreasing on R n + . 2)f andḡ are homogeneous of degree p with respect to the standard dilation map. In the following, we use the following norm proposed first in [30] and applied to discussing stability of neural networks successfully in [29] and other papers:
Obviously, if z(t) {ξ,+∞} → 0, then z(t) → 0 and x(t) → 0, as t → +∞. Definition 6: Suppose that μ(t) : R + → R + is nondecreasing function satisfying μ(t) → +∞ as t → +∞. The positive nonlinear system (6) is said to achieve the global μ-stability, if there exist constant scalars M > 0 and T > 0 (which may be related to initial values), such that for all t ≥ T
Remark 1: The concept of μ-stability is first proposed in [29] and for power-rate convergence in [28] to discuss the stability of dynamical systems with unbounded delays. It points out that between asymptotical stability and exponential stability, there exist various convergence concepts. It also shows that in the case of bounded delay, the convergence rate is exponentially. Moreover, as the delay is increasing, the convergence rate is decreasing from exponential to asymptotical.
Theorem 1: Suppose Assumption 1 holds. If there exists a positive and nondecreasing function μ(t) satisfying lim t →+∞ μ(t) = +∞, and for j = 1, . . . , n
then the zero solution of positive nonlinear system (7) is globally μ-stable, i.e., z j (t) = O(μ −1 (t)).
Proof: From inequality (10), we can find a constant T , such that for all t 0 ≥ T
Moreover, for any χ ≥ 1, the following inequality holds:
Define the Lyapunov function as
where V (t) = μ(t) · z(t) {ξ,+∞} . Then, V(t) is a nondecreasing function, and V (t) ≤ V(t). Now, we claim that V(t) is bounded. More precisely, we will prove that for all t ≥ T , V(t) = V(T ). In fact, for any time
From Assumption 1, using the cooperative and homogeneous properties of functionf , one can get that
From Assumption 1, using the nondecreasing and homogeneous properties of functionḡ, one can get that
Now, differentiating V (t 0 ) by the upper right Dini-derivative, and using the obtained results (11), (13) , and (14), we have
is also nonincreasing at t 0 .
In the summary, V(t) = V(T ) for all t ≥ T , which implies that μ(t) z(t) {ξ,+∞} ≤ V(T ), i.e., the global μ-stability can be realized. The proof is completed.
Remark 2: Recall the definition off in (3), if we define the vector
Compared with this condition, condition (17) is simpler than (19) . Moreover, in the case p > r max , (19) cannot hold anymore, for 1 − ( p/r max ) < 0; while condition (17) can hold. This advantage can also be regarded as a benefit of our proposed transformation. The μ-stability includes the exponential stability (when the time delay τ (t) is less than a constant) and the power-rate stability (when the time delay τ (t) ≤ λt, λ < 1) as special cases. Here, we discuss the log stability and log-log stability (see [29] ) criteria.
Corollary 2 (Log Stability): Suppose Assumption 1 holds with p = 0, time delay
then the zero solution of positive nonlinear system (7) is globally log stable, i.e., z j (t) = O(ln(t + 1) −1 ). Proof: Choose the function μ(t) = ln(t + 1), and simple calculations show that Let r = 1, so inequality (18) is equivalent to inequality (20) . The proof is completed.
V. NUMERICAL EXAMPLES
We choose the following example given by [27] :
In this system, it is easy to check that f is cooperative and g is nondecreasing; moreover, f and g are homogeneous of degree p = 2 with respect to the dilation map δ r λ (x) with r = (1, 2) . The difference of this example with that in [27] is that the time delay obeys the following condition: Let z 1 (t) = x 1 (t), z 2 (t) = x 1/2 2 (t). Then, after this transformation, system (21) turns to be ⎧ ⎪ ⎨ ⎪ ⎩ż
Obviously, these functions are homogeneous with degree 2 with respect to the standard dilation map. If we choose μ(t) = ln(t + 1), ξ = (1, 1) and r = 3, then
and for j = 1, 2, the left part of inequality (16) in Corollary 1 is −6 and −1.5, respectively. Therefore, the zero solution of positive nonlinear system (21) can achieve the log stability, i.e., z j (t) = O(ln(t + 1) −1/3 ), j = 1, 2, or equivalently
Choose the initial values as (x 1 (t), x 2 (t)) = (1, 4) for t ∈ (−∞, 0], then Fig. 1 shows that the trajectories of the positive nonlinear systems converge to zero. Moreover, even though the initial value of x 1 is smaller than x 2 , however, from our above analysis, the variable x 2 (t) converges more quickly than x 1 (t), Fig. 1 also shows this phenomenon. Moreover, from (24) , one can get that a better description of log stability is to plot the trajectories of ln(x i (t)), i = 1, 2 with respect to ln(ln(t + 1)) (see Fig. 2 ) from which one can see that our theoretical result does be a good approximation of the real convergence rate.
VI. CONCLUSION
In this brief, the global μ-stability of positive nonlinear systems with unbounded time-varying delays is revisited. There are two major contributions in this brief. First, we propose a novel transform, by which the positive nonlinear system can be transformed to a system with homogeneous nonlinear functions with respect to the standard dilation map. Then, within this framework, we analyze various μ-stabilities. Second, taking the degree into consideration, some new criteria for global μ-stability are obtained. Finally, a simple example is given to corroborate the effectiveness of the transform proposed in this brief.
